Latin squares have been historically used in order to create statistical designs in which, starting from a small number of experiments, it can be obtained a large experimental space. In this sense, the optimization of the selection of Latin squares can be decisive. A factor to take into account is the symmetry that the experimental space must verify and which is established by the autotopism group of each Latin square. Although the size of this group is known for Latin squares of order up to 10, a classification of the different symmetries has not yet been done. In this paper, given a cycle structure of a Latin square autotopism, it is studied the regularity of the incidence structure formed by the set of autotopisms having this cycle structure and the set of Latin squares remaining stable by at least one of the previous autotopisms. Moreover, it is proven that every substructure given by the isotopism class of a Latin square is a 1-(v, k, r) design. Since the corresponding parameter k is known for Latin squares of order up to 7, we obtain the rest of the parameters of all these substructures and, consequently, a classification of all possible symmetries is reached for these orders.
Introduction
An incidence structure S of v points and b blocks is uniform if every block contains exactly k points and it is regular if every point is exactly on r blocks. Two blocks are equivalent if they contain the same set of points. The multiplicity mult(x) of a block x is the size of the equivalence class of x. A design is an uniform structure such that mult(x) = 1, for all block x. Given two integers t and λ, S is a t-structure for λ if each subset of t points is incident with exactly λ common blocks. If the t-structure S is uniform with block size k, then S is said to be a t-(v, k, λ) structure. Every t-(v, k, λ) structure is regular. If r is the number of blocks trough any point of S, it must be b · k = v · r. The integers t, v, b, k, λ, r are the parameters of S. A t-(v, k, λ) structure S without repeated blocks is called a t-(v, k, λ) design.
A Latin square L of order n is an n×n array with elements chosen from a set of n distinct symbols such that each symbol occurs precisely once in each row and each column. From now on, [n] = {1, 2, ..., n} will be this set of symbols and LS n will denote the set of Latin squares of order n. Given L = (l i,j ) ∈ LS n , the orthogonal array representation of L is the set of n 2 triples {(i, j, l i,j ) | i, j ∈ [n]}. The cycle structure of δ ∈ S n is the sequence l δ = (l δ 1 , l δ 2 , ..., l δ n ), where l δ i is the number of cycles of length i in δ.
Every δ ∈ S n can be uniquely written as a composition of pairwise disjoint cycles,
n . Thus, α, β and γ are permutations of rows, columns and symbols of L, respectively. The cycle structure of Θ is the triple
} is also a Latin square, which is called to be isotopic to L. The set of Latin squares isotopic to L is its isotopism class [L] . The number of isotopism classes of LS n is known for all n ≤ 10
A n is the set of all possible autotopisms of Latin squares of order n and the set of cycle structures of A n is denoted by CS n , which was determined in [2] for n ≤ 11. The stabilizer subgroup of L in A n is its autotopism group A L = {Θ ∈ I n | L Θ = L}. Given Θ ∈ A n , the set of all Latin squares L such that Θ ∈ A L is denoted by LS Θ and the cardinality of LS Θ is denoted by ∆(Θ). Given l ∈ CS n , it is defined the set
Thus, given l ∈ CS n , ∆(l) denotes the cardinality of LS Θ for all Θ ∈ A l . Gröbner bases were used in [3] in order to obtain the number ∆(l) for autotopisms of Latin squares of order up to 7. Finally, we consider the sets
In this paper, given l ∈ CS n , we study the incidence structure
it is verified that S l is uniform with block size ∆(l). In Section 2, we prove that any Θ ∈ A l restricts the study of the regularity of S l to the set LS Θ . Moreover, it is proved that the substructure S l, [L] of S l , given by the isotopism class of L is regular. In order to obtain the parameters of S l, [L] , we implement in Section 3 all the previous results in an algorithm in SINGULAR [5] and we obtain the parameters of S l, [L] , for all cycle structures related with Latin squares of order up to 7.
2 Regularity of the structure S l Lemma 2.1. It is verified that l δ 1 δ 2 δ
and that Θ 1 * Θ 2 is a bijection between the sets LS Θ 1 and LS Θ 2 .
Proof. The first assertion is an immediate consequence of Lemma 2.2. So, if
Theorem 2.4. Given l ∈ CS n , every block of S l has the same multiplicity.
Proof. Let Θ 1 , Θ 2 ∈ A l and let us define Θ * = Θ 1 * Θ 2 . From Lemma 2.1, it is Θ * ΘΘ * −1 ∈ A l , for all Θ ∈ A l . So, it is enough to prove that LS Θ 2 = LS Θ * ΘΘ * −1 , for all Θ ∈ A l such that LS Θ 1 = LS Θ . Let us take one such a Θ. Given L ∈ LS Θ 2 , from Proposition 2.3, it must be L Θ * −1 ∈ LS Θ 1 .
The uniformity of S l finishes the proof.
Proof. Let Θ ∈ A l be an autotopism verifying the hypothesis and let
then the proof is immediate from the hypothesis. Otherwise, since l Θ = l Θ ′ , we can consider the isotopism Θ * = Θ * Θ ′ . From Proposition 2.3, there must exist
The opposite inequality can be analogously obtained by considering the isotopisms
Proposition 2.7. It is verified that
Proof.
From Propositions 2.6 and 2.7, we can define the uniform incidence structure
if and only if L ∈ LS Θ . Then, by keeping in mind Proposition 2.6, next results can be proven analogously to Theorem 2.4 and 2.5:
Theorem 2.8. Given L ∈ LS n and l ∈ CS n , every block of S l, [L] has the same multiplicity.
Theorem 2.9. Let L ∈ LS n and l ∈ CS n . If there exists an autotopism
Let us denote by mult [L] (l) the multiplicity of Theorem 2.8. We obtain the main result of this section:
Structures of Latin squares of order up to 7.
In this section, given n ≤ 7, the parameters of S l, [L] are obtained, for all l = (l 1 , l 2 , l 3 ) ∈ CS n and L ∈ LS n . The general procedure to obtain them has been the following: Since the parameter b = |A l | of S l, [L] can be obtained from a simple combinatorial calculus, the first difficulty is indeed the calculus of the parameter k. In this sense, given Θ ∈ A l , the algorithm indicated in [3] and implemented in SINGULAR [4] can show as output all the elements of the set LS Θ , which can be classified according to their isotopism classes. From Proposition 2.6, it allows to obtain the parameter k = ∆ [L] (l). The identification of the isotopism classes has been done by obtaining some isotopic invariants of each Latin square of the previous set LS Θ , like the numbers of transversals, intercalates, 3 × 3 subsquares and 2 × 3 and 3 × 2 subrectangles. Specifically, for orders 6 and 7, the list of isotopism classes given by McKay [8] has been used to identify those classes with the same set of isotopic invariants. Moreover, the previous invariants can be used to know, according to the tables given in [1] (pp. 137-141) and those of the appendix of [7] , the size of the autotopism group of each isotopism class. Thus, it is also obtained
|A L | . Finally, the parameter r is attained from the expression b · k = v · r.
(1,1,0) 27 4 9 1 Table 1 : Parameters of the 1-(v, k, r) structures S l , for l ∈ CS 2 ∪ CS 3 . 
